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Abstract

The two key parameters in this study of graph theory are the rainbow connected number and strongly rainbow connected numbers. The
purpose of this study is to identify the strongly rainbow connected numbers of the inverse graphs corresponding to the modular groups under
various operations, and to evaluate and explain the characteristics of these numbers in various contexts.

The objective of this Study is to apply these concepts and results in the field of Networking and Coding. An edge colored graph G is called
rainbow-connected if a path whose edges have different colors that connects any two vertices. The minimum k for which there exist a
rainbow k—coloring of G is called the rainbow connection number of G, denoted by rc(G), the adjacent edges may be allowed to color with
the same color. The graph G is strongly rainbow connected if there exists a rainbow u-v geodesic for every pair of vertices u and v in G.

Keywords: Cyclic group, Self-invertible elements, Inverse graph, Geodesic, Rainbow connected number, strongly rainbow connected
number and Tree.

INTRODUCTION

Studying the algebraic structures of groups based on graphs with Number Theory properties has created the interests of many
researchers in recent Research areas for a few decades. Recently, graphs associated with groups has become more interesting
and active area of Research.

This work incline more light on the algebraic structures of groups via graphs and explore for more researches in this approach.
Many of the properties of graph and group theories are analogous for more than a century. Many investigations and surprising
results from group theory to Graph Theory have been proved easily[10]via Number Theory properties. This creates the
motivation for this Research.

Rainbow connected path:

A graphGS (t) is said to be rainbow-connected if there is a rainbow path between each pair of its vertices.Let GS (1) be a
nontrivial connected graph on which is defined a coloring

c¢:E(G) — {1,2, - -,k}, k €N of the edges of G, where adjacent edges may be colored the same. A path in G is called a
rainbow path if no two edges of it are colored the same. G is rainbow connected if G contains a rainbow u — v path for every
two vertices u and v in it.[3]
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Geodesic: The pair of vertices u,v is said to be u-v geodesic , if the distance between the vertices u and v is equal to
the length of the rainbow path between u and v.[3]

Rainbow connected number: Let GS (t) be a nontrivial connected graph with an edge coloringe: E(G) — {1, 2, - - -,
k}, k € N, where adjacent edges may be colored the same. An edgecolored graph G is called rainbow-connected if a path whose
edges have different colors connects any two vertices. The minimum k for which there exist a rainbow k—coloring of G is called
the rainbow connection number of G, denoted by rc(G)[5]

Strongly rainbow connected number:

For every pair of vertices u and v of GS (t) a rainbow u-v geodesic GS (t) is a rainbow u-v path of length d(u,v), where d(u,v)
is the distance between u and v. The graph G is strongly rainbow connected if there exists a rainbow u-v geodesic for every pair
of vertices u and v in G. The strongly rainbow connection number of G, denoted by src(G), is the minimum number of colors
that are needed in order to make G strongly rainbow connected.[5]

5.Inverse graph:

Let (t,0) be a cyclic group and S be a non-empty subset of T which consists of all non-self-invertible elements of t with respect
to the binary operation o. The inverse graph associated with the group t denoted by G_S (1) , whose vertices are the elements
of the group t and the edges are formed by joining two distinct elements X,y of 1 if and only if xoy € S or yox € S[7]

Properties:
Lemma:In any treeG_S (1) with m edges rc(G_S (1)) =m=src(G_S (1))
Proof: Let G be a tree with n vertices and m edges
As a tree consists of (n-1) edges m=n-1
Vv u,veG_S (1),u,v is geodesic
Every pair of vertices in a tree is always geodesic
Since there exists a unique path between every pair of vertices in a tree that path
itself is a rainbow connection path
~d(u,v)=Minimum number of colors used in that path
= length of the rainbow connection path
~(u,v) is geodesic V u,veG_S (1)
=G_S (1) is strongly rainbow connected
=~ rc (G_S (1))= The number of edges in the rainbow connection path
=Number of edges in G_S (1)=m=n-1
=src(G_S (1))

Theorem: The Inverse graph G_S (Z_n )corresponding to the cyclic group (Z_n,+) is Rainbow connected
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and hence is Strongly Rainbow connected such that rc(G_S (Z_n ))=src(G_S (Z_n))=2

Proof: Let (Z_n,+)is a cyclic group of order n

Let S be a non-empty subset of non-self-invertible elements of Z_n and G_S (Z_n ), be the corresponding inverse graph of Z_n.
To investigate the Rainbow Connected Number, the following cases arise regarding the adjacency between every pair of vertices

inG_S(Z.n)

Case 1 : Adjacency between the identity element and every element ofS

The identity element ‘0’ in (Z_n,+) is adjacent to all the elements of S and
d(0,v) =1VveS

Case 2 : Adjacency between the elements ofS

There arise 2 sub cases

Subcase 1:For any X,y € S,if x+y € S=Xx,y are adjacent

Subcase 2: For any X,y € S,if x+y & S, there arise the following observations.

If x+y=0,for x#£y

Then in the inverse graph G_s (Z_n),x,y are non-adjacentas x\(-1)=y

3 an element z € Z_n-S(z=0 or n/2) such that x+z e Sand y+z € S

=X,z are adjacent in G_s (Z_n) as well as z,y are adjacent in G_s (Z_n)

=3 a path between x and y namely x—z—y

d(x,y)= Minimum length of rainbow connected path between x and y is equal to 2

Hence there exists a rainbow connected path between every pair of elements

X,y inS, for x+y=0

X+y=n/2 X is neither the inverse of y nor adjacent to y(ifn is even)

V X€Z_(n),3 y(#X)€Z_nsuch that x+y=n/2 and x£y"(-1)

=In the inverse graph G_s (Z_n),x and y are non-adjacent

3 an element z € Z_n-S(z=0 or n/2) such that x+z eSand y+z € S

=X,z are adjacent in G_s (Z_n) as well as z,y are adjacent in G_s (Z_n)

=3 a path between x and y namely x—z—y

d(x,y)= Minimum length of rainbow connected path between x and y is equal to 2
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Hence there exists a rainbow connected path between every pair of elements x,y in S, for x+y=n/2
Case 3: Adjacency between two self-invertible elements when ‘n’ is even

3 exactly two self-invertible elements O,n/2 [ € Z] _n-S

Then there does not exist adjacency between 0 and n/2

-~ There must exist an element say z € S such that 3 a path 0—z—n/2

~d(0,n/2)=2

Hence there exists a rainbow connected path between every pair of elements

X,y inZ_n-S

By considering all the 3 cases, G_S (Z_n )is Rainbow connected

X,y are geodesic and G_S (Z_n) is strongly rainbow connectedv x,y € [ Z] n

~rc(G_S (Z_n))=src(G_S (Z_n))=2

Remark: If ‘n’ is even inG_S (Z_n), the self-invertible elementn/2is obviously adjacent to every element of S.

The following algorithm illustrates Rainbow connection path of the inverse graph (G_S (Z_n),+)
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Let us illustrate the above theorem by the following example.
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In the Inverse graph G_S (Z_7) corresponding to the cyclic group (Z_7,+) is strongly rainbow connected.
The following table and figurel illustrates the Strongly Rainbow connected path in G_S (Z_7)

Itis clear that rc(G_S (Z_7))=src(G_S (Z_7))=2

Path: x =y X—=2Z-Yy dix, y) Length of Rainbow u-v path
1-6 1-5-6 2 2
2-5 25455 2 2
3-4 3564 2 2

0
1
6
2
5
3
4
Figure 1

Lemma: In (Z_n,x) where n is prime, (n-1) is always self-invertible since (n, [(n-1)] ~2)=1,

Where ‘n’ is other than the identity

Proof:(n-1) is the self-invertible element

=3 two self invertible elements namely 1, (n-1) in every (Z_n,x) where n is prime since ((n, [(n-1)] "2)=1
i.e, [(n-1)] ~2=1(mod n)[4]

= [(n-1)] ~-1)=(n-1) V primen

Theorem: For x,y€ S and x*(-1)#y, X and y are not adjacent iff xy=(n-1) where n is prime

Proof: Let X,y €S= x,y are non-self-invertible

Necessary condition: Consider that x*(-1)=y and x,y are non-adjacent thenxy&S
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As [ Z] _n-Sconsists of only 1,(n-1) which are self-invertible elements
=X,y must be equal to (n-1), since X*(-1)#y so xy#1
Sufficient condition: Let X,y €S and xy=(n-1)
=x"-1)#y so xy#l
= By definition of Inverse graph, as xy=(n-1) and x*(-1)y and (n-1)¢S
=X and y are not adjacent.
Theorem:The Inverse graph G_S (Z_n) ,V n (n is prime)corresponding to the cyclic group
(Z_n,x) is Rainbow connected and hence is Strongly Rainbow connected such
thatrc(G_S (Z_n))=src(G_S (Z_n))=2
Proof: Let (Z_n,x) be a cyclic group iff n is prime
Let S be a non-empty subset of non-self-invertible elements of Z_ nand G_S (Z_n),)
be the corresponding inverse graph of Z_n
Case 1: Adjacency between the identity element and every element of S
The identity element ‘1’ in (Z_n,X) is adjacent to all the elements of S and d(l,v)=1 vveS
Case 2 : Adjacency between the elements of S
There arise 2 sub cases
Subcase 1:For any X,y € S,if Xy € S=X,y are adjacent
Subcase 2:For any x,y € S,if xy & S, there arise the following observations.
xy=1,for x£y
Then in the inverse graph G_s (Z_n),x,y are non-adjacentas x\(-1)=y
3 an element z € Z_n-S(z=0 or(n-1)) such that xz e Sand yzeS
=X,z are adjacent in G_s (Z_n) as well as z,y are adjacent in G_s (Z_n)
=3 a path between x and y namely x—z—y
d(x,y)= Minimum length of rainbow connected path between x and y is equal to 2
Hence there exists a rainbow connected path between every pair of elements x,y in S,for xy=1

xy=(n-1),x is neither the inverse of y nor adjacent to y
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V X€Z_n,3 y(#x)€Z_nsuch that xy=(n-1) and x£y"(-1)

=In the inverse graph G_s (Z_n ),x,y are non-adjacent

3 an element z € Z_n-S(z=0 or(n-1)) such that xz eSandyz € S

=X,z are adjacent in G_s (Z_n) as well as z,y are adjacent in G_s (Z_n)

=3 a path between x and y namely x—z—y

d(x,y)= Minimum length of rainbow connected path between x and y is equal to 2
Hence, there exists arainbow connected path between every pair of elementsx,y in S,for xy=(n-1)
Case 3: Adjacency between two self-invertible elements

JExactly two self-invertible elements 1,(n-1) [ € Z] n-S

Then there does not exist adjacency between 1 and (n-1)

-~ There must exist an element say z € S such that 3 a path 1—-z—(n-1)
~d(1,(n-1))=2

Hence there exists a rainbow connected path between every pair of elements x,y
inZ_n-S

By considering all the 3 cases, G_S (Z_n) is Rainbow connected

X,y are geodesic and G_S (Z_n) is strongly rainbow connected, v x,y € [ Z] n
~rc(G_S (Z_n))=src(G_S (Z_n))=2

The following algorithm illustrates Rainbow connection path of the inverse graph (G_S (Z_n),x)
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Let us illustrate the above theorem by the following example.
In the Inverse graph G_S (Z_7) corresponding to the cyclic group (Z_7,x) is strongly rainbow connected.
The following table and figure2 illustrates the Strongly Rainbow connected pathin G_S (Z_7)

Itis clear that rc(G_S (Z_7))=src(G_S (Z_7))=2
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Path: x -y X—>Z-oYy d(x, y) Length of Rainbow u-v path
1-6 1-2-6 2 2
2-3 2-56-3 2 2
2-4 2-1-4 2 2
3-5 3-1-5 2 2
4-5 4— 6-5 2 2
1
2
B
3
5 4
Figure 2

Conclusion:

The main conclusion of this study is to investigate the Strongly Rainbow Connected number ofthe Inverse graph G_S (Z_n
)corresponding to the cyclic group (Z_n,+) and (Z_n,x) by employing the techniques and concepts of Number Theory, by
establishing the lemma that, xy=(n-1) where n is prime iff x and y are not adjacent, for x,y€ S and x"(-1)zy. Further the critical
Property of Rainbow connected graph of the corresponding inverse graph has been investigated and proved that rc(G_S (Z_n
))=src(G_S (Z_n))=2
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